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C H A P T E R I 
I N T R O D U C T I O N 
T h e m a t h e m a t i c a l t h e o r y o f p r o b a b i l i t y i s c o n c e r n e d 
w i t h l a w s o f c h a n c e . F o r e x a m p l e , t h e " l a w s o f l a r g e n u m b e r s " 
a r e c o n c e r n e d w i t h s h o w i n g t h a t t h e a v e r a g e v a l u e o f a l a r g e 
n u m b e r o f i n d e p e n d e n t ( o r w e a k l y d e p e n d e n t ) r a n d o m v a r i a b l e s 
i s , i n a s e n s e t o b e m a d e p r e c i s e , a l m o s t c o n s t a n t . T h e " l i m i t 
d i s t r i b u t i o n t h e o r e m s " s h o w t h a t t h e p r o b a b i l i t y d i s t r i b u t i o n 
o f v a r i o u s f u n c t i o n s o f r a n d o m v a r i a b l e s , s u c h a s s u i t a b l y 
n o r m e d s u m s , t e n d s t o a l i m i t i n g p r o b a b i l i t y d i s t r i b u t i o n a s 
t h e n u m b e r o f r a n d o m v a r i a b l e s i n c r e a s e s . A n o t h e r t y p e o f l a w 
o f c h a n c e i s c o n c e r n e d w i t h t h e d e l i c a t e p r o b l e m o f a n a l y z i n g 
r e g u l a r i t i e s o f c h a n c e f l u c t u a t i o n s . T h i s t h e s i s i s c o n c e r n e d 
w i t h t h i s l a t t e r t y p e o f l a w o f c h a n c e . I n p a r t i c u l a r , i t i s 
c o n c e r n e d w i t h t h e l a w o f t h e i t e r a t e d l o g a r i t h m . T o m o t i v a t e 
d i s c u s s i o n o f t h e l a w , a s i m p l e e x a m p l e w i l l b e u s e f u l . 
C o n s i d e r a s e q u e n c e ( X n ) o f i n d e p e n d e n t r a n d o m v a r i ­
a b l e s , e a c h w i t h r a n g e { 0 , 1 } , a n d s u c h t h a t 
P t X n = 0 ] = P [ X n = 1 ] = y 
f o r e a c h p o s i t i v e i n t e g e r n . I f w e c o n s i d e r t h e s u c c e s s i v e 
t e r m s X R a s r e p r e s e n t i n g t h e r e s u l t s o f a s e q u e n c e o f i n d e ­
p e n d e n t t o s s e s o f a f a i r c o i n , t h e n 5 ^ = 1 c o r r e s p o n d s t o 
2 
h e a d s o n t h e n t h t o s s , a n d X R = 0 c o r r e s p o n d s t o t a i l s o n t h e 
n t h t o s s . C o n s e q u e n t l y t h e r a n d o m v a r i a b l e 
S = X - , + X 9 + . . . + X 
n 1 2 n 
m e a s u r e s t h e t o t a l n u m b e r o f h e a d s i n n t o s s e s . I n t h i s e x a m ­
p l e , t h e s t r o n g l a w o f l a r g e n u m b e r s a s s e r t s t h a t s n h a s l i m i t 
n
 J L 
o n e h a l f a l m o s t s u r e l y , a s n • + 0 0 . E q u i v a l e n t l y , S n ^ 2 w i t h 
p r o b a b i l i t y o n e a s n + 0 0 , H e r e , ^ i n d i c a t e s a s y m p t o t i c e q u a l ­
i t y ; t h e r a t i o o f t h e t w o s i d e s t e n d s t o o n e a l m o s t s u r e l y , 
a s n • + 0 0 . F o r c o n v e n i e n c e , l e t Y R = 2 X n - 1 f o r e a c h n . T h e n 
T = Y + Y + . . . + Y = 2 S - n = 2 ( S -Ji) 
" 1 2 n n n 2 
d e n o t e s t h e n e t g a i n a f t e r n t o s s e s o f t h e p l a y e r w h o b e t s o n 
h e a d s b e f o r e e a c h c o i n t o s s , s i n c e Y n = - 1 w h e n X n = 0 , a n d 
Y n = 1 w h e n X n = 1 . F o r t h e s e q u e n c e ( Y n > , t h e s t r o n g l a w o f 
T 
l a r g e n u m b e r s a s s e r t s t h a t n _ 0 a l m o s t s u r e l y a s n 0 0 . T h e 
n 
l a w o f t h e i t e r a t e d l o g a r i t h m i n t h i s s p e c i a l c a s e i s c o n ­
c e r n e d w i t h e x c e p t i o n a l l y l a r g e v a l u e s o f T R , a n d i n t h i s s p e ­
c i a l c a s e w a s p r o v e d b y K h i n c h i n i n 1 9 2 4 . I t a s s e r t s s p e c i f i ­
c a l l y t h a t 
T n 
l i m s u p = 1 
n • * 0 0 / 2 l o g l o g n 
3 
w i t h p r o b a b i l i t y o n e . T h i s m e a n s t h a t i f e i s g i v e n , w i t h 
0 < £ < 1 , t h e p r o b a b i l i t y i s o n e t h a t o n l y f i n i t e l y m a n y o f 
t h e e v e n t s 
T n > / 2 n l o g l o g n ( 1 + e ) 
o c c u r , w h i l e t h e p r o b a b i l i t y i s o n e t h a t i n f i n i t e l y m a n y o f 
t h e e v e n t s 
T n < / 2 l o g l o g n ( 1 - e ) 
o c c u r . K h i n c h i n ' s p r o o f , t o b e f o u n d i n K h i n c h i n [ 5 ] , r e q u i r e s 
q u i t e d e l i c a t e r e a s o n i n g . R e l a t e d p r o b l e m s w e r e t r e a t e d b y 
H a u s d o r f f f ' 4 ] a n d H a r d y a n d L i t t l e w o o d [ 3 ] , a n d t h e K h i n c h i n 
t h e o r e m i m p r o v e d o n t h e e a r l i e r r e s u l t s . I n 1 9 2 9 , a m o r e g e n ­
e r a l l a w o f t h e i t e r a t e d l o g a r i t h m w a s p r o v e d b y K o l m o g o r o v 
[ 6 ] , a n d t h i s i n t u r n w a s l a t e r g e n e r a l i z e d b y F e l l e r [ 2 ] , 
S t r a s s e n [ 8 ] , a n d o t h e r s . 
I n t h i s t h e s i s , t h e p r i n c i p a l a i m i s t o g i v e a r e a s o n ­
a b l y s e l f - c o n t a i n e d p r o o f o f K o l m o g o r o v 1 s v e r s i o n o f t h e t h e o ­
r e m , f o l l o w i n g t h e l i n e s o f K o l m o g o r o v ' s p r o o f , b u t w i t h m a n y 
a d d e d d e t a i l s . F o l l o w i n g t h i s , s o m e o f t h e l a t e r g e n e r a l i z a ­
t i o n s w i l l b e d i s c u s s e d , u s u a l l y w i t h o u t p r o o f s . T h e w o r k o f 
S t r a s s e n [ 8 ] i n 1 9 6 4 t h r o w s c o n s i d e r a b l e l i g h t o n t h e m e a n i n g 
o f t h e t h e o r e m , i n r e l a t i o n t o B r o w n i a n p a t h s , b u t t h e t e c h ­
n i c a l b a c k g r o u n d i s v e r y e x t e n s i v e . T h e b i b l i o g r a p h y c o n t a i n s 
4 
a f a i r l y c o m p l e t e l i s t o f r e f e r e n c e s c o n c e r n e d w i t h t h e l a w 
o f t h e i t e r a t e d l o g a r i t h m . 
I n o r d e r t o k e e p t h e t h e s i s r e a s o n a b l e i n l e n g t h , s o m e 
r e l e v a n t p a r t s o f t h e g e n e r a l t h e o r y o f p r o b a b i l i t y h a v e b e e n 
a s s u m e d . A p p r o p r i a t e r e f e r e n c e s a r e g i v e n , e . g . , t o t h e B o r e l -
C a n t e l l i l e m m a s , a n d s i m i l a r r e s u l t s . 
5 
C H A P T E R I I 
P R O O F O F T H E L A W O F T H E I T E R A T E D L O G A R I T H M 
T h i s c h a p t e r c o n t a i n s t h e p r o o f o f t h e l a w o f t h e 
i t e r a t e d l o g a r i t h m ( T h e o r e m 3 ) t o g e t h e r w i t h s e v e r a l p r e l i m ­
i n a r y l e m m a s a n d t h e o r e m s . O n l y T h e o r e m s 1 a n d 2 a n d L e m m a 6 
a r e e x p l i c i t l y r e f e r r e d t o i n t h e p r o o f o f T h e o r e m 3 . T h e 
r e m a i n i n g l e m m a s a r e u s e d o n l y t o p r o v e t h e l e m m a s a n d t h e o ­
r e m s t h a t f o l l o w t h e m . 
L e m m a 1 
I f z > ^ 0 , t h e n e x p [ z ( l - z ) ] £ 1 + z . 
P r o o f . C o n s i d e r t h e f u n c t i o n 
2 
g ( z ) = l o g ( l + z ) - z + z , f o r z > ^ 0 . 
T h e n 
2 
g * ( z ) = 1 - 1 + 2 z = z + 2 z > 0 i f z > 0 . 
1 + z 1 + z 
S i n c e g ( 0 ) = 0 , i t f o l l o w s t h a t 
l o g ( l + z ) > ^ z ( l - z ) i f z > 0 . 
H e n c e 
6 
e x p [ z ( l - z ) ] _< 1 + z i f z > 0 , 
a n d 
E [ e x p ( t X ) ] > e x p t 2 q 2 ( l - t c ) . ( 2 ) 
P r o o f . T o p r o v e ( 1 ) , n o t e t h a t , s i n c e e x p ( t X ) i s d o m ­
i n a t e d b y e x p ( t c ) o n ( - c , c ) , 
E [ e x p ( t X ) ] = E ( l ) + E ( t X ) + E ( t 2 X 2 ) + E ( t 3 X 3 ) + . . . 
"TT"" 
<_ 1 + t 2 q 2 ( 1 + t c + t 2 c 2 + . . . ) 
~"2 T" 3*4 
= 1 + t 2 a 2 [ l + t c ( l + t c + . . . ) ] . 
" 3 — y ~ T~ 
S i n c e 0 < t c <_ 1 a n d J 1 = 4 , w e h a v e t h a t 
n = 0
 4 n T 
L e m m a 2 
L e t X b e a r a n d o m v a r i a b l e w i t h E ( X ) = 0 , a n d l e t c 
b e a p o s i t i v e r e a l n u m b e r s u c h t h a t P [ | X | _< c ] = 1 . L e t a 2 
d e n o t e t h e v a r i a n c e o f X . T h e n , i f 0 < t < 1 , w e h a v e 
c 
E [ e x p ( t X ) ] < e x p t 2 q 2 ( 1 + t c ) ( 1 ) 
E[EXP(TX)] < 1 + T 2 Q 2 [1 + TC(£ JL) ] 
T"N=04N 
» 1 + T2G2(L + £TC) 
< 1 + T 2 A 2 (1 + TC). 
~2"— T" 
SINCE 1 + Z < EZFOR Z > 0, IT FOLLOWS THAT 
E[EXP(TX)] < EXP T 2 Q 2 (1 + TC) . 
2 T~" 
THIS COMPLETES THE PROOF OF (1) . TO PROVE (2) , NOTE THAT 
ECX11) > - C N " 2 E(X 2 ) IF N > 3 . 
THEN, FOR 0 < TC £ 1, WE HAVE 
E[EXP(TX)] > 1 + T 2 A 2 (1 - 2 2 TC - T C - ...) 
BY AN ARGUMENT SIMILAR TO THAT USED TO PROVE (1) , IT FOLLOWS 
THAT 
2 2 
E[EXP(TX)] > 1 + T G ( L - TC) . 
8 
B y L e m m a 1 , 
1 + z > e x p [ z ( l - z ) ] f o r z > 0 . 
C o n s e q u e n t l y 
E [ e x p ( t X ) ] > e x p { t 2 g 2 ( 1 - t c ) [ 1 - t 2 g 2 ( 1 - t c ) ] } 
> e x p [ t 2 q 2 ( 1 - t c - t 2 g 2 ) ] 
> e x p [ t 2 a 2 ( l - t c ) ] . 
2 2 
s i n c e 0 <_ a <_ c a n d 0 < t c 1 . T h i s p r o v e s ( 2 ) . 
L e m m a 3 
L e t X ^ , . . . , X n d e n o t e n i n d e p e n d e n t r a n d o m v a r i a b l e s 
s u c h t h a t E ( X k ) = 0 , 1 <_ k <_ n a n d V a r f X ^ > 0 f o r a l l k >_ 1 
L e t d l f . . . , d b e n p o s i t i v e r e a l n u m b e r s s u c h t h a t 
i n 
f o r 1 < k < n . L e t S „ = X . + . . . + X , a n d l e t s 2 d e n o t e t h e 
— — n l
 n ' n 
v a r i a n c e o f S . A l s o , l e t c = m a x { e s s s u p — — } , a n d s u p -
p o s e t h a t c _ > 0 f o r a l l n > 1 . T h e n , i f 0 < t < — , 
n 
2 tS 2 tc 
2 
Proof. Let denote the variance of X^ , 1 <_ k Since X^ , •••, Xn are independent, 
tS n tXk E(exp[—]) « n E(exp[—]). n k=l n 
From Lemma 2 (applied to ), we have 
sn 
2 2 2 ak 2 txk t °\r t exp[—- t (1 - tc)] < E(exp[—]) < exp[ (^1 +-2s„ n 2S2 n n 
for 1 < k < n. Thus 
n a k 2 
n e x p f ^ - t (1 
k-l 2s2 n 
t x , 
t c ) ] < IT E ( e x p [ ] ) 
n
 k=l sn 
or 
2 2 
n t a tc 
< n exp[ f (1 + -^ )] , 
k=l 2s~ A t2 n 2 t S n exp - tc ) ( I a.)] < E(exp[—1]) 2s n k=l K sn n 
expt|- (1 - te)] <E(exp[—S]) < exp [±-(1 + ] 2 n sn 2 2
1 0 
. 2 t c n ~ < expHhr (1 ( I 0]. 
2 s 2 2 k = l K 
r 2
 2 
S i n c e j o , a s , i t f o l l o w s t h a t 
k = l K n 
2 t S . 2 t c 
expB=-(l - t c ) ] < E ( e x p [ — ] ) < e x p [ ; = - ( l + — n ) ] . 
n 3 n 2 z 
T h e o r e m . 1 
L e t X 1 , . . . , d e n o t e n i n d e p e n d e n t r a n d o m v a r i a b l e s 
s u c h t h a t E ( X k ) = 0 , 1 < _ k < _ n a n d V a r ( X ] c ) > 0 f o r a l l k j > 1 
L e t d ^ , d n b e n p o s i t i v e r e a l n u m b e r s s u c h t h a t 
PlIXjJ < v - 1 
2 
f o r 1 < k < n . L e t S = X , + . . . + X - a n d l e t s d e n o t e t h e 
— — n 1 n n 
v a r i a n c e o f S . A l s o , l e t c = m a x { e s s s u p } a n d s u p p o s e 
11 1lkin Sn 
c n > 0 f o r a l l n >_ 1 . T h e n 
S 2 E C 
I f 0 < E < J , , t h e n P [ - 2 . >
 e ] < e x p [ - - —z1) ] ( 3 ) 
CT- - 2 ^ - n n 
a n d 
g 
I f e > - > 0 , t h e n P [ — > e ] < e x p ( - - j ^ - ) . ( 4 ) 
c n s n
 qcn 
1 1 
P r o o f . I f I A i s t h e i n d i c a t o r o f e v e n t A , t h e n 
t S t S S 
E { e x p — 2 - } E { l f . > G l e x p — ^ } _ > e x p ( t e ) P E-g— > e ] 
n L n ' n J n n 
C o m b i n i n g t h i s r e s u l t w i t h t h e s e c o n d i n e q u a l i t y i n L e m m a 3 
g i v e s , i f 0 < t < ^ , 
n 
S t S 
P [ — > e ] < e x p ( - t e ) E { e x p } < e x p { - t e + t z ( l + r n ) } . 
s n s n 7 
I f 0 < e < i - . l e t t = e . T h u s 
c 
n 
P [ - s i L > e ] < e x p { - e 2 + e 2 + e _ 3 c „ * = e x p { - e2 ( 1 - e c n ) } , 
n 7 T n 7 
w h i c h p r o v e s ( 3 ) . I f e > — , l e t t = ~ - , s o t h a t 0 < t c 
— n « c n 
n n 
< 1 . T h e n 
P [ ^ > e l < e x p { - ^ -
 + - l j r + - l - > 
n n 2 c n 4 c £ 
< e x p { - + 
-
 c n 4 c n 
e x p { - T § - } , 
12 
WHICH PROVES (4)• 
THEOREM 2 
LET X^
 t • • • , 5^ BE N INDEPENDENT RANDOM VARIABLES SUCH 
THAT E(XK) = 0 , 1 <_ k _< N AND VAR(XK) > 0 FOR ALL k >^  1. LET 
D ,^ • • • , DR BE N POSITIVE REAL NUMBERS SUCH THAT 
P [ | x k | < d k ] = 1 
FOR 1 < k < N. LET S = XN + . . . + X . AND 
— — N 1 N' 
VARIANCE OF S • LET C = MAX {ESS SUP IX, I /S } . IF 
N N
 KK<N K N 
LET sz DENOTE THE N 
X C N = W < , (5) 
— 64 
X 2 
GT = A > 2 1 4 , (6) 
N 
AND 
E = s MAX {32 -^ LOCY X , 64/W } , 
THEN 
X 2 
P[SN > X] > EXP[- + G ) ] 
N 
PROOF. LET 6 = E . THEN 
5" 
13 
62 = max{16 lo<^ X , 64w}. (7) 
A 
Since ^ decreases as A increases, we have from (6) 
A 
16 log \ < 16 141oq 2 25>7(0.7) ±£ ^ 
16
 A l b
 214 214 29 26 ~ 64 # 
From (5) we have 64co <-7-7 • In either case, from (7) we have 
64 
62 < -J^ - , or equivalently 6 <-|-. (8) 
Let a = — . Then 
sn(1 " 6) 
x » as2(X - 6), (9) 
n 
^<a<^, (10) s s_ n n 
acnsn < 2u < j£j , (11) 
a2s2 > A > 512. (12) 
From (11) we have 0 < ac s < 1. Hence, from the first ine-
n tl 
quality in Lemma 3 (letting t = s n a ) t it folows that 2 2 a
 n E[exp(aSn)] > exp[—:p(l - acnsn) ] . 
1 4 
S i n c e a c s < 6 f r o m ( 1 1 ) a n d ( 7 ) , w e h a v e 
n n 
2 2 
a s . 2 
E [ e x p ( a S ) ] > e x p [ — ( I - 7 - ) ] . ( 1 3 ) 
n 2 4 
N o w l e t q ( y ) = p ^ s n > v ^ • T h e n i n t e g r a t i n g b y p a r t s s h o w s t h a t 
+ 0 0 
E [ e x p ( a S n ) ] = / e x p ( a y ) d q ( y ) 
-f 0 0 -f 0 0 
= * - e x p ( a y ) q ( y ) I + a / e x p ( a y ) q ( y ) d y . 
— OO — 0 0 
S i n c e S n i s b o u n d e d , q ( y ) = 0 f o r y s u f f i c i e n t l y l a r g e . H e n c e 
+ 0 0 
E [ e x p ( a S n ) ] = a / e x p ( a y ) q ( y ) d y ( 1 4 ) 
0 a s 2 ( l - 5 ) a s 2 ( l + 5 ) 
a i / + / n +
 2 / n 
0 a s z ( l - 6) 
n 
8 a s 2 + « > 
+
 2 I + 2 I 
a s ^ ( l + 6) 8 a s „ 
n n 
- a f / + / + / + / + / 
X l I 2 I 3 I 4 I 5 
» a ( J1 + J2 + J 3 + J 4 + J 5 ) . 
1 5 
S i n c e q ( y ) < 1 , i t f o l l o w s t h a t 
0 
a J 1 £ a / e x p ( a y ) d y = 1 . ( 1 5 ) 
W e n o w e s t i m a t e a J ^ . N o t e f i r s t t h a t f r o m ( 5 ) a n d ( 1 0 ) i t 
f o l l o w s t h a t 
2 
s „
 0 8 a s „ 
> 6 4 > 1 6 > 
x c n X 
f 
a n d h e n c e t h a t 
s
 2 
—
a
- > 8 a s 
c n n 
s n 
I f y > — — , t h e n s e t t i n g y = e s n i n T h e o r e m 1 ( 4 ) y i e l d s 
n 
s i n c e e > - i — , 
— c ' 
n 
y 
q ( y ) < e x p ( -
 4 c / s ) 
n n 
F r o m ( 1 1 ) i t f o l l o w s t h a t 
s n 
q ( y ) < e x p ( - 2 a y ) f o r y > ^ . 
c n 
1 6 
O n t h e o t h e r h a n d , i f 8 a s < y < . t h e n 0 < — < 1 . a n d 
n
 -
 c n s n 
s e t t i n g y = e s n i n T h e o r e m 1 ( 3 ) y i e l d s 
Y 2 v c n 
q ( y ) < e x p [ j ( l - ^ g - ) 1 • 
2 s n n 
y c n 1 y c n l 
S i n c e 0 < -r— < - r , w e h a v e 1 - — > . H e n c e 
2 s „ 2 ' 2 s ^ 2 
n n 
2 
q ( y ) < e x p ( - -X.) . 
4 s ^ 
n 
S n 
S i n c e 8 a s 2 < y < , i t f o l l o w s t h a t " v < - 2 a . T h u s 
n 4 s ^ 
n 
s . 
q ( y ) < e x p ( - 2 a y ) f o r 8 a s £ £ y < . H e n c e f o r a n y y i n I 5 
w e h a v e q ( y ) < e x p ( - 2 a y ) . I t n o w f o l l o w s t h a t 
+00 
a J c < ( a ) / e x p ( - a y ) d y < 1 . ( 1 6 ) 
8 a s 2 
F r o m ( 1 3 ) w e h a v e 
a 2 s 2 . 2 Jl 
E [ e x p ( a S n ) ] > e x p — 3 - ^ ( 1 > e x p [ 2 5 6 ( l - - £ - ) ] 
2 S 5 
> e x p [ 2 5 6 ( ^ g ) 1 • e x p ( 2 5 5 ) > 8 , 
1 7 
w h e r e t h e s e c o n d i n e q u a l i t y f o l l o w s f r o m ( 1 2 ) a n d t h e t h i r d 
i n e q u a l i t y f o l l o w s f r o m ( 8 ) . T h u s 
2 < - 7 E [ e x p ( a S ) ] . 
4 n 
F r o m ( 1 5 ) a n d ( 1 6 ) w e h a v e a J + a J c < 2 . H e n c e 
1 5 
a J - L + a J 5 < - j E [ e x p ( a S n ) ] . ( 1 7 ) 
2 
N o w c o n s i d e r a ^ + a J ^ . F o r y i n 1^1^ w e ^ a v e 0 < y < 8 a s n 
s n v c 
< , s o t h a t 0 £ < 1 # A q a i n s e t t i n g y = e s w e h a v e , b y 
c n s n 
T h e o r e m 1 ( 3 ) , 
2 
q ( y ) < e x p [ - - 2 _ < 1 - ZSN) ] • 
2 s z 2 s „ 
n n 
2 
S i n c e y < 8 a s n , w e h a v e f r o m ( 7 ) a n d ( 1 1 ) 
y c . 2 
- ^ - 2 - < 4 a s c < 8 u ) < . 
2 s n n n — o 
H e n c e f o r y i n i t f o l l o w s t h a t 
z 4 
q ( y ) < e x p [ = ( 1 - f - ) ] , 
z s n 
2
 g 2 
e x p ( a y ) q ( y ) < e x p [ a y ^ - ( 1 - - * - ) ] , 
2 s 2 8 
n 
a n d h e n c e t h a t 
2 
a s n ( l - 6) 2 5 2 
a J 2 + a J 4 < a / e x p [ a y ^ ( 1 - — ) ] d y 
0 2 s 8 
n 
8 a s 2 2
 x 2 
+ ? a / n e x p [ a y ^ ( 1 - — - H d y , 
a s z ( l + 6) 2 s „ 8 
n n 
2 2 
v 6 
L e t f ( y ) = a y ^ril — — ) . T h e n f ( y ) i s a q u a d r a t i c i n 
2 s z 8 
n 
a n d t a k e s o n i t s m a x i m u m v a l u e w h e n 
3
 s—
 8 n ° 
o r , a t t h e p o i n t 
a s 2 
1
 8 
2 5 <$2 
C l e a r l y a s „ ( l - 6) < y . S i n c e 0 < 1 - - — f o r 0 < 6 
n O o o 
2 3 2 
i t f o l l o w s t h a t 1 < 1 • 6 - - | - | - = ( 1 + 6) ( 1 - A - ) , a n d 
h e n c e 
1 9 
. 2 < 1 + 6 
C o n s e q u e n t l y 
a s 2 
y o = S . < a s 2 ( i + 6 ) , 
1 - — 
1
 8 
a n d t h u s y i s i n I , • F u r t h e r m o r e , a s 2 < y ^ . a n d h e n c e f 
J
 o 3 r n o r 
i s m a x i m i z e d o n I 2 U I 4 a t t h e p o i n t a s 2 ( l + 6 ) . S e e F i g u r e 1 
H e n c e f o r a l l y i n I 2 U I 4 , 
o o a 2 s ^ l + 6 ) 2 - 2 
f ( y ) < f ( a s 2 ( l + 6 ) ) = a 2 s 2 ( l + 6 ) ^ ( 1 - - | - ) 
2 2 
a s 2 
^ - [ 2 + 2 6 - ( 1 + 2 6 + 6 2 ) + - g ~ ( l + < 5 ) 2 ] 
2 2 
a s 
- 2 [ 1 - 6 2 + 6 ) 2 ] 
a 2 s 2 .2 
< - ( 1 - — ) 
2 U 8 ; , 
2 
s i n c e ^ 1 * ^ < ^ f o r 0 < 6 < - J - . T h u s f r o m ( 1 8 ) w e h a v e 
o 2 o 

2 1 
a s 2 ( l - 6 ) a 2 s 2 ^ 2 
a J 2 + a J 4 < a / n e x p [ — ^ ( l - y - ) ] d y 
8 a s 2 a 2 s 2 2 
+
 7 a / n e x P [ — ~ ( 1 - - § - ) ] d y 
a s z ( l + 6 ) z 
2 2 2 
8 a s a s . 2 
< a / e x p [ — — ( 1 - 4 - ) ] d y 
0 2 Z 
a 2 s 2 2 
= 8 a X e x p [ — ^ ( 1 - j-)]. 
S i n c e ( 7 ) s t a t e s t h a t 6 2 1 6 l o ? X , i t f o l l o w s t h a t 
A 
A S 2 
2 1 o g A < . S i n c e l o g 3 2 A = l o g 3 2 + l o g A < 2 1 o g A , 
~~ o 
„ , „ A 6 2 l o g 3 2 A ^ 6 2 
w e h a v e l o g 3 2 A < — g — , o r , — ^ < - j — • L e t h ( A ) = 
l o c
*
 3 2 X
 . T h e n h ' ( X ) • 1 - l o < T 3 2 X , s o t h a t h - ( A ) < 0 i f 
A
 X 2 
e 1 4 
A > . H e n c e h ( A ) i s d e c r e a s i n g f o r A > 2 . T h u s i t 
f o l l o w s f r o m ( 1 2 ) t h a t 
l o g 3 2 a 2 s 2 . 2 
EL < JL. 
a232 
o r 
2 2 a s n 6 
l o g 3 2 a 2 s 2 < — 
2 2 
T h e n 
2 2 . 2 
2 2.2 
a s 6
 n 
e x p ( -
 fi
n
 ) < % , . ( 1 9 ) 
8
 3 2 a 2 s 2 
H e n c e 
o o a s - 2 
a J 0 + a J . < 8 a s e x p [ — ^ ( 1 - - « - ) ] ( 2 0 ) 
z n ^ 2 
2 2 _ 2 2 , 2 
0 9 a s . 2 a s 6 
8 a 2 s 2 e x p [ _ n ( 1 _ D _ ] 
9 - a
2 s 2 . 2 a 2 s 2 6 2 
8 a V e x p [ — - ^ - ) ] e x p ( f>~) 
2 2
 0 a s 2 
< 1 e x p [ — 2 . ( 1 - i - ) ] 
4 2 4 
< - j E [ e x p ( a S n ) ] , 
t h e l a s t t w o i n e q u a l i t i e s f o l l o w i n g f r o m ( 1 9 ) a n d ( 1 3 ) 
r e s p e c t i v e l y . F r o m ( 1 3 ) , ( 1 4 ) , ( 1 7 ) , a n d ( 2 0 ) w e h a v e 
a J 3 > - | - E [ e x p ( a S n ) ] ( 2 1 ) 
a 
e x p [ l o g ( 3 2 a 2 s 2 ) ] < e x p ^ — , 
2 3 
a 2 s 2 2 
> T e x p [ ^ ( l - • & - ) ] 
a 2 s 2 
> " T e x p [ — ^ ( 1 - 6 ) ] 
6 2 
s i n c e 6 > — . O n t h e o t h e r h a n d , s i n c e q ( y ) i s m o n o t o n e 
d e c r e a s i n g a n d s i n c e ( 9 ) h o l d s , 
a s 2 ( l + 6 ) 
a J -
 0 a / e x p ( a y ) q ( y ) d y 
6
 a s 2 ( l - 6 ) 
< a e x p [ a 2 s 2 ( l + 6 ) ] q ( x ) a s 2 ( l + 6 ) 
< 2 a 2 s 2 e x p [ a 2 s 2 ( l + 6 ) ] q ( x ) 
I t f o l l o w s f r o m ( 2 1 ) t h a t 
A J 3 
g ( y ) >—Yl TI ( 2 2 ) 
2 a s j ; e x p [ a z s ^ ( l + 5 ) ] 
a 2 s 2 
^ e x p [ — ^ ( 1 - 6 ) 
2 2 _____
 r _ 2 _ 2 
> 2 a s ~ e x p [ a * s ~ ( l + 6 ) ] 
2 2 
, a ^ s ^ 
1
 e x p [ - 2 ( 1 + 3 6 ) ] 
4 a 2 s 2 
n 
2 2 2 2 X 
e x p [ + 4 6 ) + — — 
4 a 2 s 2 
n 
1 a 2 s n a 2 s n 6 
— 5 - * e x p [ - 1 1 H ( 1 + 4 6 ) ] e x p [ — - — ] 
4 a . X 2 
N o w l o q 4 X < 2 l o g X , a n d f r o m ( 7 ) i t f o l l o w s t h a t 
2 2 
2 1 O C T X £ _ 5 _ < _ 5 _ < 6 . 
X 8 4 T 
l o c r 4 X 6 l o c r 4 X 
T h u s ~ < — . S i n c e = - i s d e c r e a s i n g f o r 
X 2 X 
1 4 2 2 
X > 2 . a n d s i n c e a s > X f r o m ( 1 2 ) . i t f o l l o w s t h a t 
n 
. 2 2 , . ± i f i 6 
l o g ( 4 a ^ ) < — , 
o r 
e x p [ a
 2
n < 5 ] > 4 a 2 s 2 
H e n c e f r o m ( 2 2 ) w e h a v e 
2 2 
a s n 
q ( x ) > e x p [ - 2 ~ ( 1 + 4 6 ) ] , 
a n d f r o m ( 9 ) w e o b t a i n 
25 
2 
q ( x ) > e x p [ r — 2 r ( l + 4 6 ) ] . ( 2 3 ) 
2 s 2 ( l - 6)z 
1 
F o r 0 < o < j , w e h a v e 
0 < 2 - 1 5 6 + 8 6 2 , 
1 + 4 6 < 1 + 6 6 f 1 5 6 2 + 8 6 3 = ( 1 + 8 6 ) ( 1 - 6 ) 2 , 
1 + 4 6 
( 1 - 6 ) 2 < ( 1 + 8 5 ) • 
T h u s f r o m ( 2 3 ) i t f o l l o w s t h a t 
2 2 
q ( x ) > e x p [ - - 2 - U + 8 6 ) ] » e x p [ - - 2 5 - ( 1 + e ) ] . 
2 s 2 s 2 
S i n c e q ( x ) = p t s n > x ^ ' w e h a v e 
x 2 
P [ S n > x ] > e x p [ - T ( l + e ) ] . 
2 s 
T h i s c o m p l e t e s t h e p r o o f o f T h e o r e m 2 . 
L e m m a 4 
L e t X b e a r a n d o m v a r i a b l e w i t h f i n i t e s e c o n d m o m e n t . 
2 
L e t a d e n o t e t h e v a r i a n c e o f X , a n d l e t x d e n o t e a n y m e d i a n 
o f X . T h e n 
26 
x - E ( X ) I < / 2 a . 
P r o o f . B y C h e b y s h e v ' s i n e q u a l i t y , f o r e v e r y 6 > 0 , 
P[|X - E ( x ) | <_ Jl + <5 a] - 1 - P[[X - E ( X ) | > / 2 + 6 a l 
2 
> 1 2 _ 
( 2 + 6 ) a 
- 1 - 1 
2 + 6 
S i n c e 
X - E ( X ) I < / 2 + 5 a ] 
= [ X _> E ( X ) - / 2 + 6 a ] H [ X _ < E ( X ) + / 2 + 6 a ] , 
w e h a v e 
P [ X _ > E ( X ) - / 2 + 6 a ] _ > P [ | x - E ( X ) | <_ / 2 + 6 a ] > - y -
a n d 
P [ X <_ E ( X ) + / 2 + 6 a ] _ > P [ | X - E ( X ) | _ < / 2 + 5 a ] > . 
2 7 
H e n c e , i f x i s a m e d i a n o f X , w e m u s t h a v e 
E ( X ) - / 2 + 5 a < x < E ( X ) + / 2 + 5 a , 
o r 
| x - E ( X ) | <_ / 2 + 6 a , 
f r o m t h e d e f i n i t i o n o f a m e d i a n o f X . S i n c e 6 > 0 i s 
a r b i t r a r y , w e h a v e 
| x - E ( X ) | _< / 2 a . 
L e m m a 5 ^ ( P . L e v y ' s I n e q u a l i t i e s ) 
L e t X-L , . . . , X N b e n i n d e p e n d e n t r a n d o m v a r i a b l e s , a n d 
l e t S ^ = X-L + . . . + X ^ . L e t § j d e n o t e a m e d i a n o f S _ . - S n . 
T h e n , i f e > 0 i s a n y c o n s t a n t , w e h a v e 
P [ m a x ( S - s \ ) >_ e ] <_ 2 P [ s > ^ e ] ( 2 4 ) 
l < k < n 
a n d 
P [ m a x | S - g | _ > e ] _ < 2 P [ [ S | _> G ] . ( 2 5 ) 
l _ < k < n k 
* 
P r o o f . T o p r o v e ( 2 4 ) , l e t S = 0 , S = m a x ( S , - s \ ) , 
°
 k
 K k < n 3 1 
2 8 
1 < k < n , ^ = [ S k - 1 < e ] n [ S k - £ k > . e ] , a n d B k = [sn - S k 
B k * A k - [ S n " S k H k l 0 ] A [ S k - 1 < e ] A [ S k - s k > e ] 
> s v ' ^ T , ] r\ [ S 1 - 6 . > e ] < = [ S > e ] . 
n
 — k k k k — n — 
H e n c e 
n 
U ( A ^ B , )d[S > £ ] . k = l * k ' n 
S i n c e { A ^ , A n > a r e d i s j o i n t , s o a r e { A ^ f l B ^ , A n ^ B n ^ 
N o t e t h a t -sV i s a m e d i a n o f S - S . , s o P ( B . ) > - J - . F i n a l l y , 
* n k k — 2 
A k a n d B k a r e i n d e p e n d e n t ^ ) f o r e v e r y k , 1 <_ k n . 
H e n c e 
V J
" ' L e t X ^ , X n b e n i n d e p e n d e n t r a n d o m v a r i a b l e s . L e t 
1 _ < n ^ < n 2 < • • • < n k = n ' a n c * ^ e t k e a B o r e l m e a s u r a b l e 
f u n c t i o n o f n 1 v a r i a b l e s , f a B o r e l m e a s u r a b l e f u n c t i o n o f 
n 2 " n i v a r i a b l e s , f a B o r e l m e a s u r a b l e f u n c t i o n o f 
n v - n . i v a r i a b l e s . T h e n t h e k r a n d o m v a r i a b l e s f n ( X n , X ) , 
K
 k - l 1 J- n ^ 
f->,w x )> fv(x~ iT , X „ ) a r e i n d e o e n d e n t . 
2 n n + l n 0 k n u _ 1 + l r n ^ 
n 
+ § , > 0 ] . T h e n { A , , A } a r e d i s j o i n t , a n d U\ = 
k - n k = l K 
[ S * e ] . B u t f o r e v e r y k , 1 £ k n . 
2 9 
n n n 
P [ S _ > e ] > P [ U ( A k n B k ) ] = J P ( A k A B k ) = I P ( \ ) P ( B k ) 
K.—1 JC—J. JC—-J. 
k = l " k = l ~ 2 
** 
T h i s p r o v e s ( 2 4 ) . T o p r o v e ( 2 5 ) , l e t S = 0 , S , = m i n ( S . - ) , 
1
 1 K 1 N ' C K = C s k - 1 > " e ] n [ S k - § k i - e ] , a n d l e t D k = 
[ S - S + S < 0 ] . T h e n {C, , C } a r e d i s j o i n t , a n d 
n k k ™ * - L ^ * 
n ^ 
C , = [ S < - e ] . F o r e v e r y k , 1 < k < n , 
k = l n — - -
C k n D k C [ s n 1 S k " g k ] n [ S k " § k i " e ] C C S n ± " e ] -
T h u s 
n 
U ( C K N O K ) C [ S n < - e ] . 
k = l 
S i n c e { C ^ , C n > a r e d i s j o i n t , s o a r e { C ^ H D ^ , c n n E > n } -
A l s o , P ( D k ) ^ - , s i n c e - £ k i s a m e d i a n o f S n - S k . F i n a l l y , 
C k a n d D k a r e i n d e p e n d e n t f o r e v e r y k , 1 <_ k <_ n . H e n c e 
n n n 
[ S < - e ] > P[U ( C k n D . ) ] = I P ( C O D . ) = I P ( C . ) P ( D ) 
n
 - k = l k k k = l k k k = l k k 
n , n 
^ k = l k z k = l 
30 
C o m b i n i n g t h i s r e s u l t w i t h ( 2 4 ) , w e o b t a i n 
a n d 
N o w 
P [ m i n (S,, - §V) < - e ] < 2 P [ S _ < - e ] 
K k < n 
P [ m a x ( S , - s \ ) > e ] < 2 P [ S > e ] . 
K k < n * K ~~ ~ n ~ 
[ m a x | S - § | > e ] 
K k < n K K " 
= [ m a x ( S , - 3 ) > e ] U [ m i n (S - S ) < - e ] 
l < k < n K K ~ * K k < n K K ™ 
a n d 
[ | S n | > e ] « [ S n > e]V [ S n < -6] , 
w h e r e e a c h u n i o n i s a u n i o n o f d i s j o i n t s e t s . H e n c e 
P [ m a x |S K - S k | e ] 
l < k < n ""* 
= P { [ m a x ( S - s \ ) > _ e ] U [ m i n ( S k - S k ) _ < - e ] } 
l < k < n l < k < n 
= P [ m a x ( S - s \ ) > e ] + P [ m i n ( S , - § . ) < - e ] 
K k < n K K l < k < n K K ™ 
3 1 
< 2 { P [ S > e ] + P [ S < - e ] } 
— n — n — 
= 2 P { [ S „ > e ] U [ S < - e ] } 
n — n — 
= 2 P [ | S n | > . e ] . 
T h i s p r o v e s ( 2 5 ) . 
L e m m a 6 
L e t , • • . , X ^ b e n i n d e p e n d e n t r a n d o m v a r i a b l e s w i t h 
f i n i t e s e c o n d m o m e n t s s u c h t h a t E ( X ^ ) = 0 f o r 1 _ < k <_ n . L e t 
2 
= XJL + . . . + X ^ , a n d l e t s n d e n o t e t h e v a r i a n c e o f S • T h e n 
P [ m a x S k e ] £ 2 P [ S n e - / 2 s n ] . 
l < k < n 
P r o o f . L e t s k d e n o t e t h e v a r i a n c e o f S k - S , a n d l e t 
s \ d e n o t e a m e d i a n o f S . - S * T h e n b y L e m m a 4 w e h a v e 
k k n * 
l r — v — n r 
s i n c e E ( S . - S ) = 0 . H e n c e 
k n 
- s \ > - / 5 s . 
k — n 
T h u s f o r e v e r y k , 1 < k < n , 
[ S , > e ] d [ S , > e - / 2 s ] , 
K
 — k k — n 
3 2 
0 [ S . > e ] C 0 [S, - § > e - / ? s n ] . 
k = l k " k = l K K " 
H e n c e 
n 
P [ m a x S k > e ] = P ( U [ S > e ] ) 
K k < n k = l K 
n 
< P ( U [ S k - d k > e - > ^ s n ] ) 
k = l 
= P [ m a x ( S k - 1 ) > E -
l _ < k < n 
< 2 P [ S n e - / 2 s n ] , 
b y c o n c l u s i o n ( 2 4 ) o f L e m m a 5 . 
T h e o r e m 3 ( K o l m o g o r o v ' s L a w o f t h e I t e r a t e d L o g a r i t h m ) 
L e t ( X n ) b e a s e q u e n c e o f i n d e p e n d e n t r a n d o m v a r i a b l e s 
s u c h t h a t d = e s s s u p | x I < 0 0 a n d E ( X ) = 0 f o r a l l n . 
n F 1 n 1 n 
L e t S n = + • • • + X n t a n d s u p p o s e t h a t s 2 = E ( S 2 ) 0 0 a n d 
s 
d = o / — i n _ ) a s n 0 0 . T h e n 
n
 [ V l o g l o g s 2 
s n 
P [ l i m s u p . 1 ] = 1 . 
n oo V 2 s £ l o g l o g s £ 
E q u i v a l e n t l y , i f 6 > 0, t h e n 
w i t h p r o b a b i l i t y o n e o n l y f i n i t e l y m a n y o f t h e e v e n t s ( 2 6 ) 
S > ( 1 + 6)V2sT l o g l o g s 2 o c c u r 
33 
and 
S > (1 - 6)l£s^  log log s2 occur • 
Proof. We first prove (26). Let D = max{d : 1 < k < n}, 
n k - -
Un = max {S^ : 1 <_ k n}, and let x^  denote the variance of Xn. Let 0 < 6 < -i- • Since s2 00 as n <*>, there is a positive 
integer such that for all n ^  , s2 > ee (28) n 
and 
/ 2 4 
/log log s > T • (29) 
n o 
s Since d = o I > * I , there is a positive integer n
 V /log log s^  y 
N2 such that for all n >^ N2, 
D 2 < TT" (30) 
~2 16 sn 
and 
log log s2
 x 
2 <f- <31> 
sn 
with probability one infinitely many of the events (27) 
34 
2 p f 3 n 
S i n c e x < cr* = o T " / , w e h a v e 
n
 -
 n
 * l o g l o g s 2 
n + 1 = 1 + 
x 
n + 1 
n 
,2 -
n 
< 1 + 
l n + l 
n 
F o r s o m e p o s i t i v e i n t e g e r P , w e h a v e f o r a l l n > P , 
1 + n + 1 
.2 -
' n 
< 1 + 
' n + 1 
' n 
l o g l o g s 
n + 1 
T h u s 
s 2 
[ 1 - — ] < 1 f o r a l l n > P. 
s 2 y l o a l o g s 2 + 1 
s 2 
n+1 „ -, _..
 n _ _ n 2 F r o m t h i s i t f o l l o w s t h a t l i m — — <_ 1 , s i n c e l o g l o g s ^ + ^ 
.2 
n -+• 0 0 s 
n 
2 ^ _ 2 - „ , , _ ___ , T „ S n + 1 
2 
s n 
• > 0 0 a s n • > ~ . S i n c e s £ + 1 s £ f o r a l l n , w e h a v e 1 £ 
s n + l 
H e n c e , — + 1 a s n • * » . T h u s t h e r e i s a p o s i t i v e i n t e g e r 
s n 
s u c h t h a t 
s n 
i f n > N 3 
3 5 
L e t 
n Q = m a x { N l f N - , N 3 > . ( 3 2 ) 
T h e n 
2 
o . - . 0 
• 2 " 4 
o 
S i n c e • > 0 0 a s n • > 0 0 , t h e r e i s a p o s i t i v e i n t e g e r q s u c h t h a t 
n 
L e t r b e t h e s m a l l e s t s u c h i n t e g e r , a n d l e t n ^ = r - 1 . S i n c e 
r > n r t + 1 , w e h a v e n , > n . W e n o w h a v e 
o
 r
 1 o 
s 2 , 
s 2 4 
a n d 
s 2 
g 2 - 4 
3 6 
s i n c e r = n ^ + 1 w a s t h e s m a l l e s t i n t e g e r q s u c h t h a t 
s a s 
—Y~ > 1 + - j - . P r o c e e d i n g i n a s i m i l a r f a s h i o n , w e d e f i n e 
s n 
o 
i n d u c t i v e l y a s t r i c t l y i n c r e a s i n g s e q u e n c e o f i n t e g e r s n Q , 
n - ^ , . . . , n k _ ^ , w h e r e n ^ i s c h o s e n s o t h a t 
2 
n k 5 
< 1 + " 7 ( 3 3 ) 
2 — 4 
n k - l 
a n d 
2 
S n T , + 1 * 
- f — > 1 + - f • ( 3 4 ) 
s z 4 
n k - i 
N o w f o r e v e r y j , 1 < j < k , 
n . 
-JL 
2 
S n ^ + l 
- x 
r i j + 1 
n j - i 
n 
j - l 
S i n c e x 2
 + 1 < d 2 < D 2 + 1 , w e h a v e 
1 1 1 
2 2 2 2 
s n . + l - x n . + l s n . + l " D n . + 1 . 
J — 1 — > — 2 _ 1 — > ( 1 + 5 ) \ 1 -
n • i n < i 
b y ( 3 4 ) . F r o m ( 3 0 ) a n d ( 3 2 ) w e o b t a i n 
D n . + 1 . 
( 1 + 6) \ 1 - -f J > ( 1 + - £ ) ( 1 
s n . + l 
3 
S i n c e 0 < 6 < - i - , 
( i + - J - X 1 - J - ) = ( i + - ! > - - § { i + - § > 
H e n c e , f o r e v e r y j , 1 j _ < k , 
2 
i - > i + 4 . 
4 
n j - i 
T h u s 
s 
2 2 2 
s s s 
2 n k n k - l n 2 
— __—_ • _______ • • _____ 
n , 2 2 2 
k s s ^ s „ 
n k - l n k - 2 n i 
> ( l + | ) k 
b y ( 2 8 ) a n d ( 3 2 ) . C o n s e q u e n t l y 
3 8 
s 2 > ( 1 + - | ) k • < 3 5 > 
n k 8 
L e t F ( v ) = / 2 v l o g l o g v . F r o m ( 3 3 ) w e h a v e 
F(SN > 
< 1 + - 7 . ( 3 6 ) 
F ( s 2 ) 4 
k - 1 
I f S > F ( s 2 ) ( 1 + 5) f o r s o m e n , n ,
 1 < n < n , , t h e n U > 
n n K—± — — K 
F ( s 2 ) ( 1 + 6 ) . B y t h e B o r e l - C a n t e l l i L e m m a , ( 2 6 ) w i l l b e 
n k - l 
p r o v e d w h e n i t i s s h o w n t h a t t h e s e r i e s 
I P [ U n > F ( s 2 ) ( 1 + 6 ) ] 
k = l n k k - 1 
c o n v e r g e s . S i n c e 0 < 5 < y , i t f o l l o w s f r o m ( 3 6 ) t h a t 
P
" V > F(4 ) d + « ) ] < P I O > F ( S 2 ) ( 1 + - § ) ] 
k k - 1 k k 
a n d f r o m L e m m a 6 , 
PTUN„ > F(SN >(1 + 2>J 1 2PISN > F<SNJ<1 +T> " ^NJ • 
k k k k 
S i n c e ^ S j ^ < - j F ( s ^ ) b y ( 2 9 ) a n d ( 3 2 ) , w e h a v e 
3 9 
P [ U > F ( s 2 ) ( 1 + 6 ) ] < 2 P [ S „ > F ( s 2 ) ( 1 + 7 ) 1 . 
k k - l k k 
J D r , 
/ 2 (S k 
N o w l e t e = / 2 1 o g l o g s _ ( 1 + - 7 ) , c „ = — — • F r o m ( 3 1 ) a n d 
J l - 4 I I S 
k n , 
k 
( 3 2 ) i t f o l l o w s t h a t 
D n 
k • L .
 n 2 / - <S ^ 6 
' 2 1 o g L O G s _ < V2 - 7 < — 
s n V ^ ^ n k ^ 4 2 
a n d h e n c e t h a t 
H e n c e b y T h e o r e m 1 , 
2 P [ S n > F ( s 2 ) ( 1 + - J ) ] < 2 e x p [ - ( L O G L O G ) ( 1 + F ) 2 ( L - 6 ) ] , 
" k " k 4 " k 
2 
' L O G L O G s 
w h e r e 6 — D ^ ( i + 4 ) (4) < ( i + 4 ) • 4 - . 
n k g 2 - 4 " 2 ' — 4 ' 4 
T h u s 
2 
( l + - ^ ) 2 ( i - e ) > ( i + - J - ) 2 ( i - - 4 - f g ) 
_ -1 , A . 3 S 2 S J . 6 
- 1 +
 4 - 8 ( « + 1 6 + 6 4 ) > 1 + - , 
4 0 
s i n c e 0 < 5 < - j • H e n c e 
2 e x p [ ( - l o g l o g s 2 ) ( 1 + 4)2(1 - 6 ) ] 
n k 4 
< 2 e x p [ ( - l o g l o g s 2 ) ( 1 + • § ) ] 
k 
B y ( 3 5 ) 
2 e x p [ ( - l o g l o g s 2 ) ( 1 + 4) ] < 2 [ e x p { l o g l o g d + 4 ) k H ~ ( 1 + " 8 ) 
n k 8 
N
 1 
S i n c e \ § c o n v e r g e s , i t f o l l o w s t h a t t h e s e r i e s 
k - 1
 k ( l + 7 ) 
I P[U > F ( s 2 ) ( 1 + 6) ] 
k = l n k n k - l 
c o n v e r g e s . T h i s p r o v e s ( 2 6 ) . T o p r o v e ( 2 7 ) , l e t 0 < 6 < , 
a n d l e t n > 0 b e g i v e n . S i n c e s 2 » a s n - > 0 0 a n d d n • » 
Sn 
o j i ^ 1 , t h e r e i s a p o s i t i v e i n t e g e r s u c h t h a t 
" ^ l o g l o g s 2 
s 2 > 2 e e f o r a l l n > N ( 3 7 ) 
n — 1 
a n d 
4 1 
D 2 
- 2 - < At f o r a l l n _ > N . ( 3 8 ) 
I n t h e p r o o f o f ( 2 6 ) i t w a s s h o w n t h a t f o r n s u f f i c i e n t l y 
l a r g e , t h e p r o b a b i l i t y t h a t a t l e a s t o n e o f t h e i n e q u a l i t i e s 
S k > ( 1 + 6 ) F ( s £ ) ( k = n , n + l , n + p ) 
h o l d s i s s m a l l e r t h a n -3- f o r e v e r y p o s i t i v e i n t e g e r p . A p p l y ­
i n g t h e s a m e p r o o f t o " ^ y ^ t i t f o l l o w s t h a t f o r n s u f f i c i e n t l y 
l a r g e , t h e p r o b a b i l i t y t h a t a t l e a s t o n e o f t h e i n e q u a l i t i e s 
- S , > ( 1 + 6 ) F ( s 2 ) ( k = n , n + 1 , n + p ) 
h o l d s i s s m a l l e r t h a n - j j - f o r e v e r y p o s i t i v e i n t e g e r p . H e n c e 
t h e p r o b a b i l i t y t h a t a t l e a s t o n e o f t h e i n e q u a l i t i e s 
| S J > ( 1 + 6 ) F ( s 2 ) ( k = n , n + 1 , n + p ) 
h o l d s i s s m a l l e r t h a n - y . T h u s t h e r e e x i s t s a p o s i t i v e i n t e g e r 
N 
2 s u c h t h a t t h e p r o b a b i l i t y t h a t a l l o f t h e i n e q u a l i t i e s 
S k | < ( 1 + S ) F ( s £ ) ( 3 9 ) 
< 2 F ( s £ ) ( k = N 2 + 1 , . . . , N - + p ) 
4 2 
h o l d i s g r e a t e r t h a n 1 - - f f o r e v e r y p o s i t i v e i n t e g e r p . L e t 
n = m a x { N n , N _ } , 
o J - 2 
a n d d e f i n e i n d u c t i v e l y a s t r i c t l y i n c r e a s i n g s e q u e n c e o f p o s ­
i t i v e i n t e g e r s n Q , n ^ , n ^ ^ , w h e r e n ^ i s c h o s e n s o t h a t 
( 4 0 ) 
I t n o w f o l l o w s f r o m ( 3 8 ) t h a t 
s 2 
4 3 
2
 < s 2 ( ^ ) k < ( . 2 • • ( 4 1 ) 
n k n o 5 2 n o 5 2 
L e t T , — S - S , t 2 = E ( T 2 ) = s 2 - s 2 . F r o m ( 4 0 ) 
k n k n k - l k K n k n k - l 
w e h a v e 
g 2 , i f . g 2 < & S 2 
n k - l 1 6 n k 4 n k 
t , 2 . = s _ - SI > s 2 ( 1 - 4) > + s 2 . ( 4 2 ) 
k
 ^ " k - 1 ^ 4 2 " k 
C o n s i d e r t h e f u n c t i o n g ( x ) = x l o g a - a l o g x . I f e < a < x , 
t h e n g ( x ) 0 , s i n c e g ( a ) = 0 a n d g * ( x ) = l o g a - > 0 . L e t 
a = t 2 x = s 2 . T h e n b e c a u s e o f ( 3 7 ) a n d ( 4 2 ) 
k n k 
2 1 o g l o g t j ? l o g l o g t £ t ? * 
> : — > T ~ > ( 1 - - J ) 
2 1 o g l o g s 2 l o g l o g s 2 s 2 
n k n k n k 
a n d i t f o l l o w s t h a t 
F ( t k >
 > 6 
F ( s 2 ) 
k 
4 * 
6 2 6 6 2 6 
S i n c e ( 1 - - j ) = 1 - ^ + — > 1 - , w e h a v e 
4 4 
F ( t 2 ) ( 1 - - | ) > F ( s 2 ) ( 1 - | ) . ( 4 3 ) 
k 
O n t h e o t h e r h a n d i t a l s o f o l l o w s f r o m ( 4 0 ) t h a t 
NK-I 4 V 
F ( s 2 ) ( 1 - ^ ) - 2 F ( s 2 ) > F ( s 2 ) ( 1 -4) - 4 F<3^ > 
k 2 n k - l n k 2 2 n k 
= ( 1 - 6 ) F ( s 2 ) . 
n k 
C o n s i d e r t h e e v e n t - [ T k > F ( t k ) ( 1 - - j ) ] . W e w i l l n o w 
s h o w t h a t w i t h p r o b a b i l i t y o n e i n f i n i t e l y m a n y o f t h e e v e n t s 
V k o c c u r . F i r s t n o t e t h a t t h e r a n d o m v a r i a b l e s 
{ S - S : k = 1 , 2 , . . . } 
n k n k - l 
a r e i n d e p e n d e n t , a n d h e n c e t h e e v e n t s ( V k > a r e i n d e p e n d e n t . 
B y t h e B o r e l - C a n t e l l i L e m m a i t i s s u f f i c i e n t t o p r o v e t h a t 
o o 
\ P ( V , ) = « > . T o e s t i m a t e P ( V ) w e t u r n t o T h e o r e m 2 , w h e r e 
k = l K 
w e s e t s 2 = t 2 c = D , x = F ( t 2 ) ( 1 - 4). T h e n 
n
 k n n ^ ^ * 
4 5 
< — — — r r — — s ^ 
2 2 _ 
s n fck fck fck 
F r o m ( 4 2 ) 
F(SN >% 2F(SNJV /LOG LOG S2 
—
Jyk< \^-2* D 2 - 0 
x c 
a s k ° ° . H e n c e — • > 0 a s k - + 0 0 . A l s o 
2 
s n 
2 F 2 ( t 2 ) 
• S j 2 ^ ( 1 - { ) 2 = 2 ( l o g l o g t 2 ) ( 1 - | ) 2 
s n fck 
s 2 
> 2 ( l o g l o q - ) ( 1 - 4) 2 * 0 0 a s k « . 
2 4 
H e n c e c o n d i t i o n s ( 5 ) a n d ( 6 ) i n T h e o r e m 2 a r e s a t i s f i e d f o r 
k s u f f i c i e n t l y l a r g e . S i n c e e - * 0 a s k + » w e h a v e f o r s u f ­
f i c i e n t l y l a r g e k 
( 1 +
 e ) ( l - A ) < 1 . 
H e n c e f r o m T h e o r e m 2 w e h a v e 
4 6 
p 2 ^ 2 j 
P [ T k > F ( t 2 ) ( l - - £ • ) ] > e x p [ - | ) 2 ( 1 + e ) ] 
2 t k 
> e x p [ ( - l o g l o g t 2 ) ( 1 - | ) ] 
2 - r i - — ) 
= e x p [ l o g ( l o g t ) v 4 ' ] 
k 
M 4 - 2 x " ( I - 4) 
= ( l o g t k ) 4 
> ( l o g s 2 ) " f 1 " 4 ) 
k 
2 9 
s i n c e t , < s . W e h a v e f r o m ( 4 1 ) 
k n k 
l o g s 2 < k l o g ( s 2 - _ 2 )
 m 
n k n o 6 2 
2 - ( 1 - A) 
H e n c e i f c - [ l o g ( s * ^ - ) ] 4 , w e h a v e 
n o 6 2 
P [ T k > F ( t 2 ) ( l - { > ] > -~~JC . 
k ( 1 ' 4 } 
w h i c h p r o v e s t h e d i v e r g e n c e o f t h e s e r i e s J P ( V ) . L e t q 
k = l k 
9 
b e a g i v e n p o s i t i v e i n t e g e r . L e t Y — [ S > F ( s n ) ( 1 - 6 ) ] , 
k
 k k 
a n d f o r e a c h p o s i t i v e i n t e g e r r , l e t b e t h e e v e n t m o r e 
4 7 
t h a n q o f t h e e v e n t s Y k , 1 <_ k <_ r , o c c u r . L e t A k -
S „ > - 2 F ( s 2 ) 
n k - l n k - l 
a n d 
H e n c e f r o m ( 4 3 ) a n d ( 4 4 ) w e h a v e 
S n = T k + S n > F ( t ^ ) ( l - A ) " 2 F ( S 2 ) 
n k k n k - l k 4 n k 
> F ( s 2 ) ( 1 - 4 ) " 2 F ( s 2 ) > F ( s 2 ) ( 1 - 6 ) 
n k 2 n k n k 
T h u s B H W CZ z _ . I t h a s j u s t b e e n s h o w n t h a t t h e r e i s a p o s -
r r , i r 
i t i v e i n t e g e r R s u c h t h a t 
P ( W r ) > 1 - i f r >_ R . 
[ | S n | < 2 F ( s n ) ] , a n d l e t B b e t h e e v e n t a l l o f t h e e v e n t s 
k k 
o c c u r . F i n a l l y , f o r e a c h p o s i t i v e i n t e q e r r , l e t b e 
t h e e v e n t m o r e t h a n q o f t h e e v e n t s V , , 1 < k < r , o c c u r , 
k — — 
N o w s u p p o s e B O W r o c c u r s . T h e n f o r m o r e t h a n q v a l u e s o f 
k , 1 < k < r , w e h a v e 
48 
B y t h e w a y n Q w a s c h o s e n . 
P ( B ) > 1 
H e n c e i f r > R , 
P ( B H W r ) > 1 - n-
S i n c e B ( l W r C Z „ , i t f o l l o w s t h a t 
P ( Z r ) > 1 - n i f r > R . 
H e n c e w i t h p r o b a b i l i t y o n e i n f i n i t e l y m a n y o f t h e i n e q u a l i t i e s 
S n > F ( s 2 ) ( 1 - 6) 
h o l d . T h i s c o m p l e t e s t h e p r o o f o f t h e t h e o r e m . 
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C H A P T E R I I I 
S O M E G E N E R A L I Z A T I O N S O F T H E L A W 
I n t h i s c h a p t e r s o m e o f t h e g e n e r a l i z a t i o n s o f K o l m o ­
g o r o v 1 s l a w o f t h e i t e r a t e d l o g a r i t h m a r e o u t l i n e d . T h e p r o o f s 
o f t h e v a r i o u s t h e o r e m s c i t e d a r e t o b e f o u n d i n F e l l e r [ 2 ] 
a n d S t r a s s e n [ 8 ] , T h r o u g h o u t t h e f i r s t p a r t o f t h i s c h a p t e r , 
{ X ^ } w i l l b e a s e q u e n c e o f r a n d o m v a r i a b l e s , a n d w e l e t 
S n = X-L + . . . + X N ( 1 ) 
a n d 
V k ( x ) = P r [ X K < x ] . ( 2 ) 
W e s h a l l r e q u i r e t h a t 
-f o o 
a 2 = / x 2 d V k ( x ) e x i s t s ( k = 1 , 2 , . . . ) , ( 3 ) 
— o o 
+ C O 
/ x d V ( x ) = 0 , ( k = 1 , 2 , . . . ) ( 4 ) 
— o o k 
a n d 
s 0 0 a s n 0 0 
n 
(5) 
50 
w h e r e 
U s i n g t h i s t e r m i n o l o g y , t h e l a w o f t h e i t e r a t e d l o g a r i t h m 
( T h e o r e m 3 , C h . I I ) s t a t e s : 
I f e a c h X ^ i s b o u n d e d , a n d 
s 2 = a 2 + . . . + a 2 . (6) 
n 1 n 
W e s h a l l a l s o a s s u m e t h a t t h e r e i s a s e q u e n c e ^ n+0 s u c h t h a t 
l . u . b . | X n | < X n S n . (7) 
T h e d i s c u s s i o n w i l l b e f a c i l i t a t e d b y a d o p t i n g t h e f o l ­
l o w i n g t e r m i n o l o g y d u e t o P . L e v y : 
A s e q u e n c e { < P n } b e l o n g s t o t h e l o w e r c l a s s (ej£) ( w i t h 
r e s p e c t t o { X ^ } ) i f , w i t h p r o b a b i l i t y o n e , t h e r e e x i s t 
i n f i n i t e l y m a n y n s u c h t h a t 
s
n >
 s n * n • 
A s e q u e n c e b e l o n g s t o t h e u p p e r c l a s s ( e t O i f , 
w i t h p r o b a b i l i t y o n e , t h e r e e x i s t o n l y f i n i t e l y m a n y 
n s u c h t h a t 
S > s <b 
n n
v n • 
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L.U.B.|X | = o n I (8) 
V
 / LOG LOG SN 
UNIFORMLY IN K = 1, 2, ..., N, THEN 
1 
{( A LOG LOG S^) } 
E U IF A > 2 
e £ IF A < 2. 
THE FOLOWING THEOREMS GIVE NECESSARY AND SUFFICIENT 
CONDITIONS FOR A SEQUENCE {<F>N} TO BELONG TO THE UPPER OR THE 
LOWER CLASS. IN ADDITION TO ASSUMPTIONS (L)-(7), WE ALSO SUP­
POSE THAT 
2 < _< (F>2 _< <J>3 _< ... . (9) 
WE BEGIN BY REPLACING (8) WITH THE STRONGER CONDITION 
XK| =O; S R 
N. 
THEOREM 1 
IF 
XN - °F 4 1 > <10> 
*N 
THEN {<J>N) E ) IF AND ONLY IF THE SERIES 
5 2 
I * n e x p ( -
n s 
2 n 
( I D 
n 
c o n v e r g e s ( d i v e r g e s ) . 
W e n o w s l i g h t l y r e l a x t h e b o u n d ( 1 0 ) o n t h e X ^ s 
T h e o r e m 2 
I f 
( 1 2 ) 
t h e n { $ } e K ( « C ) i f a n d o n l y i f t h e s e r i e s 
n 
I ! » * n e x p ( - 1 ^ . J n J B ) ( 1 3 ) 
n s z * 6 s J k = l 
n n 
+°°
 3 
c o n v e r g e s ( d i v e r g e s ) , w h e r e b k = / x d V k ( x ) , 
— CO 
O f c o u r s e , i f a l l o f t h e X k ' s a r e s y m m e t r i c , t h e n t h e 
t h i r d m o m e n t s a r e a l l z e r o , g i v i n g t h e f o l l o w i n g i m m e d i a t e 
c o r o l l a r y . 
C o r o l l a r y 1 ^
 / 
I f 1 - V k ( x ) = V k ( - x ) a n d ^ = O - | , t h e n { < j > n > 
i s i n t h e u p p e r ( l o w e r ) c l a s s i f a n d o n l y i f t h e s e r i e s ( 1 1 ) 
c o n v e r g e s ( d i v e r g e s ) . 
N o t i c e t h a t , i n g e n e r a l , r e l a x i n g t h e b o u n d o n t h e 
X ^ 1 s f r o m ( 1 0 ) t o ( 1 2 ) l e a d s t o a c r i t e r i o n i n v o l v i n g t h e 
5 3 
t h i r d m o m e n t s o f t h e d i s t r i b u t i o n f u n c t i o n s V ^ C x ) . T h i s i s 
t h e b e g i n n i n g o f a g e n e r a l p a t t e r n t h a t i s e a s i l y s e e n i n t h e 
f o l l o w i n g t h e o r e m -
T h e o r e m 3 
c o n v e r g e s ( d i v e r g e s ) , w h e r e Q ( x ) i s a p o l y n o m i a l o f d e g r e e 
p + 1 w h o s e j t h c o e f f i c i e n t d e p e n d s o n l y o n t h e f i r s t j m o ­
m e n t s o f { V k ( x ) } « 
P a s s i n g t o t h e l i m i t , w e o b t a i n t h e m o s t g e n e r a l s t a t e ­
m e n t i n t h e f o l l o w i n g f o r m : 
T h e o r e m 4 
I f , f o r s o m e i n t e g e r p > 1 , 
( 1 4 ) 
t h e n { 4 ^ } £ * K ( # £ ) i f a n d o n l y i f t h e s e r i e s 
I f 
X. 
n 
< 1 _ 
~ 200 <J>. 
( 1 5 ) 
n 
t h e n } e i f a n d o n l y i f t h e s e r i e s 
5 4 
I — * n e x p [ B n ( * n ) ] 
n s n 
c o n v e r g e s ( d i v e r g e s ) , w h e r e B R ( x ) i s a p o w e r s e r i e s w h o s e j t h 
c o e f f i c i e n t d e p e n d s o n l y o n t h e f i r s t j m o m e n t s o f { V ^ f x ) } . 
T h e c o n n e c t i o n b e t w e e n t h e s e t h e o r e m s a n d t h e l a w o f 
t h e i t e r a t e d l o g a r i t h m b e c o m e s m o r e a p p a r e n t i n t h e f o l l o w i n g 
t h e o r e m . 
T h e o r e m 5 
I f e i t h e r 
A = 0 J 
' T 
( l o g l o g s ) 
n 
o r V ( - x ) = 1 - V , ( x ) a n d 
k k 
A = 0 ^ ^ 
1
 l o g l o g s n 
t h e n 
4 > n = { 2 1 o g 2 s 2 + 3 1 o g 3 s 2 + 2 1 o g 4 s 2 + . . . 
1 
+ 2 1 o g p _ l S 2 + ( 2 + 6 ) l o g s 2 } 7 e 
i f a n d o n l y i f 6 > 0 ( < * 0 ) , w h e r e l o g ^ x = l o g l o g • • • l o g x 
j t e r m s 
55 
I n m a n y c a s e s , t h e p r e v i o u s r e s u l t s c a n e v e n b e e x t e n d 
e d t o s e q u e n c e s o f u n b o u n d e d r a n d o m v a r i a b l e s , a s s h o w n b y 
F e l l e r [ 2 ] . 
M a n y y e a r s a f t e r t h e w o r k o f K o l m o g o r o v a n d F e l l e r o n 
t h e l a w o f t h e i t e r a t e d l o g a r i t h m , s o m e i n t e r e s t i n g n e w 
a s p e c t s o f t h e l a w a p p e a r e d i n S t r a s s e n [ 8 ] . A b r i e f i n d i ­
c a t i o n o f s o m e o f S t r a s s e n 1 s r e s u l t s w i l l n o w b e g i v e n . 
S u p p o s e t h a t { X } i s a s e q u e n c e o f i n d e p e n d e n t i d e n t i 
c a l l y d i s t r i b u t e d r a n d o m v a r i a b l e s w i t h e x p e c t e d v a l u e z e r o 
a n d v a r i a n c e o n e . A s u s u a l , l e t { S n } b e t h e c o r r e s p o n d i n g 
s e q u e n c e o f p a r t i a l s u m s . F o r e a c h n >3, l e t n n ( t ) b e t h e 
c o n t i n u o u s ( r a n d o m ) f u n c t i o n d e f i n e d o n t h e u n i t i n t e r v a l 
[ 0 , 1 ] a s f o l l o w s : 
n n ( 0 ) = 0 
• 2 n l o g l o g n 
. • • , n ) 
- 1 i 
n ( t ) l i n e a r o n t h e i n t e r v a l s [ , — ] , ( i = 1 , 
• • * , 
n ) . 
n 
T h e o r e m 6 
W i t h p r o b a b i l i t y o n e , t h e s e t o f f u n c t i o n s 
n = 3 , 4 , . . • } 
i s c o n d i t i o n a l l y c o m p a c t i n t h e u n i f o r m t o p o l o g y . M o r e o v e r , 
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t h e s e t o f l i m i t p o i n t s o f t h e s e q u e n c e c o n s i s t s p r e c i s e l y o f 
t h o s e f u n c t i o n s f ( t ) o n [ 0 1 ] s u c h t h a t f ( 0 ) = 0 , f i s a b s o l u t e ­
l y c o n t i n u o u s o n [ 0 1 ] , a n d 
1 
/ f 1 ( t ) d t <_ 1 . 
0 
T h e p r o o f o f t h i s t h e o r e m i s q u i t e t e c h n i c a l . I t c o n s i s t s f i r s t 
o f p r o v i n g a n a l o g o u s a s s e r t i o n s f o r t h e B r o w n i a n m o t i o n p r o c e s s 
a n d t h e n a p p l y i n g r e s u l t s o f " i n v a r i a n c e p r i n c i p l e " t y p e d u e t o 
A . V . S k o r o k h o d . F o r t h e p r o o f , r e f e r e n c e s h o u l d b e m a d e t o 
S t r a s s e n [ 8 ] • 
A s a c o n s e q u e n c e o f h i s p r i n c i p a l r e s u l t , S t r a s s e n e s ­
t a b l i s h e s s e v e r a l r e l a t e d p r o p o s i t i o n s . A n e x a m p l e o f t h e s e 
p r o p o s i t i o n s i s t h e f o l l o w i n g . 
T h e o r e m 7 
S u p p o s e t h a t 0 <^ c <_ 1 . L e t £ ^ b e d e f i n e d f o r i ^ 3 b y 
1 
1 i f S . > c ( 2 i l o g l o g i ) 7 
5 i -
0 o t h e r w i s e . 
T h e n , w i t h p r o b a b i l i t y o n e , 
1 n 1 
l i m s u p I = 1 - e x p [ - 4(^2" - 1 ) ] . 
n • * 0 0 i = 3 
A s a s p e c i a l i n s t a n c e o f t h i s r e s u l t , c o n s i d e r t h e c a s e 
5 8 
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